The explosion of ultra-stripped stars in close binaries can lead to ejecta masses < 0.1 M ⊙ and may explain some of the recent discoveries of weak and fast optical transients. In Tau ris et al. (2013), it was demonstrated that helium star companions to neutron stars (NSs) may experience mass transfer and evolve into naked ∼ 1.5 M ⊙ metal cores, barely above the Chandrasekhar mass limit. Here we elaborate on this work and present a systematic investigation of the progenitor evolution leading to ultra-stripped supernovae (SNe). In particular, we examine the binary parameter space leading to electron-capture (EC SNe) and iron core-collapse SNe (Fe CCSNe), respectively, and determine the amount of helium ejected with applications to their observational classification as Type Ib or Type Ic. We mainly evolve systems where the SN progenitors are helium star donors of initial mass M He = 2.5 − 3.5 M ⊙ in tight binaries with orbital periods of P orb = 0.06 − 2.0 days, and hosting an accreting NS, but we also discuss the evolution of wider systems and of both more massive and lighter -as well as single -helium stars. In some cases we are able to follow the evolution until the onset of silicon burning, just a few days prior to the SN explosion. We find that ultra-stripped SNe are possible for both EC SNe and Fe CCSNe. EC SNe only occur for M He = 2.60 − 2.95 M ⊙ depending on P orb . The general outcome, however, is an Fe CCSN above this mass interval and an ONeMg or CO white dwarf for smaller masses. For the exploding stars, the amount of helium ejected is correlated with P orb -the tightest systems even having donors being stripped down to envelopes of less than 0.01 M ⊙ . We estimate the rise time of ultra-stripped SNe to be in the range 12 hr − 8 days, and light curve decay times between 1 and 50 days. A number of fitting formulae for our models are provided with applications to population synthesis. Ultrastripped SNe may produce NSs in the mass range 1.10 − 1.80 M ⊙ and are highly relevant for LIGO/VIRGO since most (possibly all) merging double NS systems have evolved through this phase. Finally, we discuss the low-velocity kicks which might be imparted on these resulting NSs at birth.
INTRODUCTION
The nature of a supernova (SN) in a close binary determines if the system will remain bound or dissolve into two runaway components after the explosion. The two main decisive factors are: i) the kick velocity added to the newborn neutron star (NS) relative to the pre-SN orbital velocity of its progenitor star, and ii) the amount of mass ejected during the SN. For bound systems the post-SN orbital characteristics and systemic velocities depend on these quantities which are therefore related to whether the explosion is an iron core-collapse SN (Fe CCSN) or an electron-capture SN (EC SN). It has been demonstrated that Fe CCSNe may produce kicks up to, and even above, 1000 km s −1 (Scheck et al.
⋆ E-mail: tauris@astro.uni-bonn.de 2006; Janka 2012; Wongwathanarat et al. 2013 ) whereas EC SNe are expected to be almost symmetric (i.e. fast explosions) and produce very small kicks of less than, perhaps, a few 10 km s −1 (e.g. Podsiadlowski et al. 2004; Kitaura et al. 2006; Dessart et al. 2006) .
It is well known that the outcome of stellar evolution in close binaries differs significantly from that of single stars. The main effects, besides from mass loss/gain, are changes in the stellar rotation rate, the nuclear burning scheme and the wind mass-loss rate (de Mink 2010; Langer 2012) . As a result, binary interactions affect the final core mass prior to the collapse (Brown et al. 2001; Podsiadlowski et al. 2004) , and therefore possibly the nature of the SN event, the type of compact remnant left behind, the amount of envelope mass ejected, and thus the kinematics of the post-SN binary. Given that almost all massive stars are members of close binaries (Chini et al. 2012 ) and 70 per cent of them interact with their companion star (Sana et al. 2012) , it is important to probe the evolution leading to SNe in close binaries.
In recent years, high-cadence surveys and dedicated SN searches have increased the discovery rate of unusual optical transients with low peak luminosities ( 10 42 erg s −1 ) and/or rapidly decaying light curves. Examples comprise SN 2005ek (Drout et al. 2013) , SN 2010X (Kasliwal et al. 2010 ) and SN 2005E (Perets et al. 2010) . These SNe show diverse spectroscopic signatures (cf. Kleiser & Kasen 2014) and thus their explanation may require a diversity of models. Drout et al. (2013) concluded that SN 2005ek represents the smallest ratio of ejecta to remnant mass observed for a core-collapse SN to date. Tauris et al. (2013) recently suggested that ultra-stripped SNe may be responsible for such events and demonstrated that synthetic light curves of these SNe, in which only ∼ 0.1 M⊙ of material is ejected from an exploding star barely above the Chandrasekhar mass limit, are consistent with observations of SN 2005ek-like events.
Furthermore, merging NS/black-hole binaries are the prime candidate sources of high frequency gravitational waves to be detected by the LIGO/VIRGO network within the next 2-3 yr (Aasi et al. 2013) . In this connection, a search for their electromagnetic counterparts (e.g. Kasliwal & Nissanke 2014 ) is of great interest. A good understanding of the formation of such systems, the nature of the SN explosion which created the last formed NS and its expected light curve, as well as the distribution of the resulting NS masses, is therefore of uttermost importance.
Most Type Ib/Ic SNe are expected to originate in binary systems from the initially more massive star which has lost its hydrogen envelope by mass-transfer to its companion (Podsiadlowski et al. 1992; Eldridge et al. 2008) ; these pre-SN stars typically have an envelope mass of 1 M⊙ or more (Yoon et al. 2010) . In close X-ray binaries, however, a second mass-transfer stage from a helium star to a NS can strip the helium star further prior to the SN (Habets 1986; Dewi et al. 2002; Dewi & Pols 2003; Ivanova et al. 2003; Tauris et al. 2013 , and references therein). The fast decay of the Type Ic SN 1994I with an absolute magnitude of MV ≈ −18 was explained by Nomoto et al. (1994) ; Sauer et al. (2006) from such a model, for which they suggested a carbonoxygen star progenitor with a mass of ∼ 2 M⊙ and a corresponding ejecta mass of ∼ 0.9 M⊙. As mentioned above, an even more extreme case was demonstrated by Tauris et al. (2013) , hereafter Paper I, in which only ∼ 0.1 M⊙ of material was ejected. A similarly small ejecta mass was previously suggested by Piran & Shaviv (2004 and Podsiadlowski et al. (2005) for the second formed pulsar in PSR J0737−3039.
A common envelope (CE) phase (e.g. Ivanova et al. 2013 ) resulting from high-mass X-ray binaries (HMXBs) is thought to have formed the tight helium star-NS binaries, which are the starting point for the above-mentioned calculations, leading to a second SN explosion in these systems. For a general review on the formation and evolution of HMXBs, see e.g. Tauris & van den Heuvel (2006) . Of particular interest for the scenario discussed in this paper is mass transfer by Roche-lobe overflow (RLO) initiated by the helium-star expansion after core helium depletion, i.e. socalled Case BB RLO, first discussed by Savonije & Takens (1976); De Greve & De Loore (1977) ; Delgado & Thomas (1981) .
Here we investigate the progenitor evolution in such close binaries leading to a SN event. The aim is to determine which stellar systems lead to EC SNe, which systems produce Fe CCSN, and which systems avoid a SN altogether and leave behind a massive white dwarf (WD) remnant. We accomplish this by a systematic and detailed modelling of about 70 helium star-NS binaries in close orbits. In Section 2, we briefly refer to the stellar evolution code behind our numerical computations, and in Section 3 we present our models with detailed examples of four different outcomes. We highlight a peculiar model in which extensive mass loss results in the complete quenching of the central nuclear burning. In Section 4, we discuss the expected observational properties of our exploding stars and in Section 5 we discuss the mass-transfer rates from the helium star donors. In Section 6, we discuss the importance of ultrastripped SNe for the formation of double NS systems and comment on their masses and imparted kicks. In addition, we estimate their merger times which are relevant for LIGO/VIRGO. Further discussions of our findings are given in Section 7, including a comparison with previous work and a mapping of initial parameter space to final outcome. We summarize our conclusions in Section 8, and in the Appendix we analyse the timescale for NS in-spiral in the dilute envelope of a pre-SN star.
BINARY STELLAR EVOLUTION CODE AND INITIAL PARAMETER SPACE
For our detailed calculations of the evolution of helium star-NS binaries, we applied the binary stellar evolution code BEC (e.g. Yoon et al. 2010 , and references therein). This code was originally developed by Wellstein et al. (2001) on the basis of a single-star code (Langer 1998 , and references therein). It is a one-dimensional implicit Lagrangian code which solves the hydrodynamic form of the stellar structure and evolution equations (Kippenhahn & Weigert 1990; Kozyreva et al. 2014) . The evolution of the donor star, the mass-transfer rate, and the orbital separation are computed simultaneously through an implicit coupling scheme (see also Wellstein & Langer 1999 ) using the Roche approximation in the formulation of Eggleton (1983) . To compute the mass-transfer rate, we use the prescription of Ritter (1988) . We employ the radiative opacities of Iglesias & Rogers (1996) , which we interpolated in tables as function of density, temperature, and chemical element mass fractions, including carbon and oxygen. For the electron conduction opacity, we follow Hubbard & Lampe (1969) in the non-relativistic case, and Canuto (1970) in the relativistic case. The stellar models are computed using extended nuclear networks (Heger et al. 2000) . Our helium stars are calculated for a metallicity of Z = 0.02 (mainly isotopes of C, N, O and Ne). In our default models, we assumed a mixing-length parameter of α = l/Hp = 2.0 and treated semiconvection as in Langer et al. (1983) adopting an efficiency parameter αSEM = 1 (Langer 1991) . Convective coreovershooting was not applied to our models, because the convective core mass in core helium burning stars increases as function of time, which results in a chemical discontinuity at the upper edge of the convective core, thereby hindering mixing (cf. Section 3). We tested a number of models using α = l/Hp = 1.5 (Langer 1991) which resulted in only slightly smaller final metal-core masses (by < 2 per cent). However, a smaller value of α did result in more stripping from donor stars in very wide orbits (cf. Section 7.3). In our computations, we did not include effects of X-ray irradiation of the donor star. Although X-ray irradiation may lead to a cyclic mass-transfer behavior (at least for low-mass, hydrogen-rich donor stars), previous studies show that these effects are relatively unimportant for the final donor mass and the orbital evolution of X-ray binaries with RLO (e.g. Benvenuto et al. 2015) .
For evolved helium stars, the typical mass-transfer rates are 3-4 orders of magnitude larger than the Eddington accretion limit c 0000 RAS, MNRAS 000, 000-000 of a NS (∼ 4 × 10 −8 M⊙ yr −1 , see Section 5). This implies that > 99.9 per cent of the transferred material is lost from the system, presumably in the form of a jet, or a wind from the disk, and we assume that it carries the specific orbital angular momentum of the NS, i.e. following the so-called isotropic re-emission model (Bhattacharya & van den Heuvel 1991; Tauris 1996) . For recent applications of BEC to X-ray binaries and further description of Case BB RLO, see e.g. Tauris et al. (2011 Tauris et al. ( , 2012 Tauris et al. ( , 2013 ; Lazarus et al. (2014) ; Istrate et al. (2014) .
To probe the systems leading to Fe CCSNe, EC SNe and massive WDs, and to study the effect of mass transfer initiated at different evolutionary stages, we investigated systems with helium star donors of initial masses of MHe,i = 2.5 − 10.0 M⊙ and initial orbital periods, P orb,i = 0.06 − 120 days. For simplicity, we assumed in all cases an initial mass of MNS = 1.35 M⊙ for the accreting NS. We also evolved isolated helium stars for comparison with our binary stars. All configurations are summarized in Table 1 (see Section 3 for a description of the parameters).
The effect of stellar wind mass loss is less important for our results. The reason is that orbital dynamics, and more importantly, the stripping of the donor star, is completely dominated by the Roche-lobe overflow. For a compilation of different mass-loss rates of Wolf-Rayet (naked helium) stars, see Yoon et al. (2010) . Here we followed Wellstein & Langer (1999) and applied the stellar wind mass-loss rates of Hamann et al. (1982) or Hamann et al. (1995) , depending on the luminosities of our relatively low-mass helium stars. For the lightest helium stars with an initial mass of MHe,i 3.0 M⊙ we neglected wind mass loss in most of our models, except for the widest systems. Applying different prescriptions for the wind mass-loss rate would in effect partly be mimicked by choosing a different initial value of P orb .
RESULTS
In Fig. 1 , we show four examples of our modelling with very different outcomes. By gradually changing the initial helium star mass, MHe,i from 2.6 to 3.5 M⊙, and the initial orbital period, P orb,i from 0.06 to 2.0 days, the outcome of the resulting remnant varies from a CO WD, or an ONeMg WD, to a NS produced via an EC SN or an Fe CCSN. In Sections 3.1-3.4 we discuss in detail the results of each of these four different models. The final outcome of most of our calculations with MHe,i = 2.5−3.5 M⊙ is plotted in Fig. 2 .
In Table 1 , we list all relevant parameters for the outcome of each calculated system. The parameters listed are the following: MHe,i is the initial mass of the naked helium star; P orb,i is the initial orbital period (always assuming a 1.35 M⊙ NS companion); The RLO Case BA, BB or BC indicates if mass transfer is initiated during core helium burning, helium shell burning, or beyond; M core,f is the final mass of the metal core of the helium star prior to the SN or formation of a WD; M env He,f is the final mass of helium in the envelope; M ⋆f is the final total mass of the helium star; P orb,f is the final orbital period prior to the SN or formation of a WD; ∆MNS is the amount of material accreted by the 1.35 M⊙ NS (assuming Eddington-limited accretion, cf. Section 5); ∆tx is the total duration of the X-ray phase, including detached epochs in-between; |Ṁ max He | is the maximum mass-loss rate of the helium star donor during stable Case BA, Case BB or Case BC RLO; |Ṁ f | is the mass-transfer rate in our last calculated model. The last three columns yield the final fate of the helium star, the merger time of the resulting double degenerate system (Section 6.5) and additional comments, respectively. The very first column to the left indicates whether or not wind mass loss is included in the evolution of the helium star.
Evolution leading to an iron core-collapse SN
Using our stellar evolution code, we were able to evolve the helium stars until the onset of silicon burning, a few days prior to the gravitational core collapse. In Fig. 3 , we have plotted as an example the Kippenhahn diagram for the evolution of an initial 3.5 M⊙ helium star with P orb,i = 2.0 days. The mass loss of the helium star is initially caused only by its stellar wind (cf. Section 2). At an age of t = 1.426 Myr (at the second hump in the black curve, shortly after the onset of central carbon burning), the expanding helium star fills its Roche lobe with a radius of R = 5.68 R⊙ and initiates mass transfer (Case BC RLO) to the NS at a rate of ∼ 10 −4 M⊙ yr −1 (see Section 5). At this stage the remaining stellar lifetime of our calculation is log(t⋆ − t) ≃ 3.75, i.e. some 5600 yr prior to the core collapse. The preceding hump seen in the total mass profile of the donor star at log(t⋆ − t) ≃ 4.70 is caused by a sudden change in the calculated wind mass-loss rate when the luminosity of the star increases significantly following the depletion of core helium burning. After a sequence of carbon shell burning stages, central oxygen burning is ignited about 10 yr prior to core collapse (when log(t⋆ − t) ≃ 1.0). During the subsequent oxygen shell burning stages, silicon is efficiently mixed via convection out to a mass coordinate of ∼ 1.55 M⊙. This is clearly seen in Fig. 4 (upper panel) where we have plotted the chemical abundance profile of our final stellar model. At this stage (a few days prior to core collapse during which silicon burning would take place, producing an iron core) the exploding star has a total mass of M ⋆,f = 2.39 M⊙ with a metal core of M core,f = 1.81 M⊙.
In the example illustrated here, there is no doubt that the final fate of the donor star is an Fe CCSN. However, in other cases it is less trivial to predict the nature of the SN explosion. This is the case for stars with a final metal core mass close to the Chandrasekhar mass. We could not evolve our stars until the very onset of the collapse. However, as argued in Paper I, we can compare our evolutionary tracks in the (ρc, Tc)-plane with those available in the literature for isolated massive stars, e.g. Umeda et al. (2012) and Jones et al. (2013) . As a simple rule of thumb, we find that evolutionary tracks where the post-carbon burning central temperature, Tc rises above the value of Tc during carbon burning, will eventually ignite oxygen (typically at Tc 10 9 K, depending on ρc), and later burn silicon to produce an iron core and finally undergo an Fe CCSN. This is the case for our models which have a metal core, M core,f > 1.43 M⊙. We therefore adopt this mass as an approximate threshold limit separating Fe CCSNe from EC SNe.
For low-mass metal cores the exact boundary between Fe CCSNe and EC SNe depends on the location of ignition of the offcentre neon and oxygen burning (Timmes et al. 1994) , and also on the propagation of the neon-oxygen flame which is sensitive to mixing in the convective layers across the flame front (Jones et al. 2014) . The latter process may affect the electron fraction and the density in the central region, and thereby the electron-capture efficiency, and thus the nature of the SN.
Evolution leading to an electron-capture SN
For stars which do not ignite oxygen, but for which their ONeMg cores are more massive than 1.37 M⊙, the final fate is an EC SN (Nomoto 1987; Podsiadlowski et al. 2004; Takahashi et al. 2013 ). Fig. 1 and leading to the final structure shown in the upper panel of Fig. 4 . The plot shows cross-sections of the helium star in mass coordinates from the center to the surface of the star, along the y-axis, as a function of stellar age on the x-axis. The value (t * − t) is the remaining time of our calculations, spanning a total time of t * = 1.433 Myr. The green hatched areas denote zones with convection; red colour indicates semiconvection. The intensity of the blue/purple colour indicates the net energy-production rate. Carbon burning was ignited at log(t * − t) ≈ 4.0 and oxygen burning was ignited at log(t * − t) ≈ 1.0. Our calculations ended just before silicon ignition, a few days prior to the gravitational collapse.
We find that ten of our models (including six with P orb 2.0 days, cf. Fig. 2 ) produce EC SNe. All these stars have metal cores with a mass, M core,f ≃ 1.37 − 1.43 M⊙.
In the central panel of Fig. 4 , we have plotted the chemical abundance profile of our final stellar model resulting from a helium star donor with MHe,i = 2.7 M⊙ and P orb,i = 0.5 days. The plot shows the chemical composition shortly before the loss of pressure support, due to inverse β-decay, leading to the EC SN event. In this particular example, the exploding star has an envelope containing less than 5 × 10 −2 M⊙ of helium. Therefore, this EC SN would most likely be classified as a Type Ic SN, see discussion in Section 4.2.
Evolution leading to an ONeMg WD
In the lower panel of Fig. 4 , we have plotted the chemical abundance profile of a stripped donor star whose progenitor was a 2.6 M⊙ helium star with P orb,i = 0.1 days. Following Case BB RLO, the final mass is 1.29 M⊙ and this star will leave behind an ONeMg WD. It is interesting to note the pureness of this ONeMg WD. Almost the entire WD consists of only three elements: oxygen (38.0 per cent), neon (48.9 per cent) and magnesium (10.2 per cent). It is surrounded with a tiny envelope of less than 4 × 10 −3 M⊙ helium and < 3 × 10 −2 M⊙ carbon. If such a WD were to undergo pulsations (Winget & Kepler 2008) , one might be able to verify its structure observationally.
Evolution leading to a CO WD
Last but not least, we present the evolution of a similar 2.6 M⊙ helium star, but now placed in a tighter orbit with P orb,i = 0.06 days. This star fills its Roche lobe already during early core helium burning. The resulting mass transfer causes the star to lose its outer ∼ 1.6 M⊙ of material in less than 50 000 yr, cf. Fig. 5 . As a direct consequence of this mass loss, the star is driven out of thermal equilibrium. In order for the star to replace the lost envelope with material from further below and to remain in hydrostatic equilibrium, an endothermic expansion of its inner region (requiring work against gravity) causes the surface luminosity to decrease by more than 3 orders of magnitude, cf. Fig. 6 . This effect has an important consequence for the nuclear burning in the star. The core expansion causes the central temperature to decrease (Fig. 7) , and given the extreme dependence of the triple-α process on temperature, the result is that all fusion processes are completely quenched for about 80 000 yr. Thereafter, when the central temperature has risen again, core helium burning is reignited. Figure 8 . Mass-transfer rate, |Ṁ 2 | (blue peaks) and orbital period, P orb (green curve) as a function of stellar age for the full evolution of the 2.60 M ⊙ helium star orbiting a NS with an initial orbital period of 0.06 days (also shown in Figs. 5-7). There are three phases of mass transfer: Case BA (onset during core helium burning); Case BAB (a subsequent episode of mass transfer when the remaining part of the donor star expands during helium shell burning); and finally mass transfer as an UCXB when the detached CO WD fills its Roche lobe as a result of strong loss of orbital angular momentum via gravitational wave radiation. The dashed red line indicates the Eddington accretion rate of the NS (∼ 4 × 10 −8 M ⊙ yr −1 for accretion of helium). The evolution of the orbital period is dominated by either mass transfer (RLO) or gravitational wave radiation.
In Fig. 8 , we have plotted the full evolution of the 2.6 M⊙ helium star (with P orb,i = 0.06 days) as a function of age. There are three phases of mass transfer: Case BA was described in the previous section; Case BAB is a result of stellar expansion during helium shell burning; and finally the star fills its Roche lobe again, 130 Myr after it has become a 0.84 M⊙ CO WD, as a result of orbital shrinkage due to gravitational wave radiation. At this point P orb = 32 sec and the system becomes an ultra-compact X-ray binary (UCXB). However, as a result of the relatively large mass ratio between the WD and the NS, this UCXB is short lived and most likely leads to a merger event (van Haaften et al. 2012) . Depending on the NS equation-of-state, the outcome of this merger is either a massive NS or a black hole (possibly accompanied with a γ-ray burst-like event, see e.g. Dermer & Atoyan 2006) . It has been shown that a significant fraction (50 to 80 per cent) of the WD mass could be ejected during the merger process (Metzger 2012) ; however the details of the modelling of such events still remain uncertain (Paschalidis et al. 2011) . Even if assuming fully conservative mass transfer, the gravitational mass of the resulting compact object formed by the merger considered here is at most ∼ 2.1 M⊙, i.e. close to the value of the recently measured NS mass of ∼ 2.01 ± 0.04 M⊙ for PSR J0348+0432 (Antoniadis et al. 2013) . Therefore, we conclude that in this case the final product is most likely still a NS.
Evolution of massive helium star-NS binaries
We explored the evolution of a 10 M⊙ helium star orbiting a NS with an initial orbital period of either P orb,i = 0.1, 0.5 or 2.0 days. Cygnus X-3 is a potential observational example of such a system. It contains a compact object with a Wolf-Rayet star companion (van Kerkwijk et al. 1992 ) and has P orb = 4.8 hours. The exact nature of the compact object (NS or BH), however, is still unknown (Zdziarski et al. 2013 , and references therein). . HR-diagram of the 2.6 M ⊙ helium star donor discussed in Section 3.4. The evolutionary calculations start on the helium zero-age main sequence (ZAMS, model 1 marked with a black square). Three phases of RLO mass transfer are indicated with blue colour along the evolutionary track. Central helium burning is temporarily shut off during the first RLO. It is reignited shortly after model 537, and at model 694 (t = 6.8 Myr) central helium is depleted, yielding a CO core made of 42 per cent carbon and 56 per cent oxygen. The subsequent expansion of the star during helium shell burning causes a second phase of mass transfer. Thereafter, the 0.84 M ⊙ CO WD settles on the cooling track before gravitational wave radiation causes it to fill its Roche lobe again (t ≃ 130 Myr) at P orb = 32 sec, leading to a short UCXB-phase before the system merges (model 1938, see text). The inset is a zoom-in of the area where the track crosses itself near the location of model 1 (t = 0).
The orbital evolution, and thus the fate, of such a system is determined by the competition between gravitational wave radiation and stellar wind mass loss from the massive helium (WolfRayet) star, which causes the orbit to shrink and widen, respectively. Also spin-orbit coupling may become important in such systems (Detmers et al. 2008) , which is, however, not considered here. For P orb,i = 0.1 days, the orbital damping by gravitational wave radiation is efficient and causes the helium star to initiate RLO at P orb = 0.073 days while it is still rather massive (about 8.90 M⊙). As a result of the high mass ratio between the helium star donor and the accreting NS at this point, the system becomes dynamically unstable, enters a CE phase, and merges. For P orb,i = 2.0 days, and with our applied wind mass-loss prescription, the system widens significantly and reaches a large dimension, preventing the radius of the helium star from filling its Roche lobe at any time. For orbital periods in-between, there are solutions which result in stable RLO. We find, for example, a solution for P orb,i = 0.5 days (Table 1) .
For all such massive helium star systems which undergo stable RLO, the mass-transfer phase is very short lasting (< 10 3 yr) since these stars are evolved to an advanced stage, close to carbon shell burning, before they expand sufficiently to compensate for the orbital widening by wind mass loss and initiate RLO. Hence, their remaining nuclear lifetime is short before they collapse and explode (a situation which is similar for low-mass helium stars initiating RLO in very wide-orbit systems, cf. Section 6.3). For the particular case with P orb,i = 0.5 days, our adopted stellar wind mass loss (Hamann et al. 1995) reduces the mass of the helium star down to 3.04 M⊙ prior to RLO. During the subsequent mass transfer, the evolved helium star only loses 0.02 M⊙ before it explodes.
We caution that different applied wind mass-loss rates of massive Wolf-Rayet stars can result in significantly different pre-SN stellar masses. For example, reducing the wind mass-loss rate of Hamann et al. (1995) by a factor of 10, or applying the prescription of Nugis & Lamers (2000) , yields a pre-SN mass of about 7.0 M⊙ in the above-mentioned case. Therefore, we notice that our helium stars models with MHe,i = 5.0, 6.0 and 10.0 M⊙, which were found to have very similar metal core masses between 2.10 and 2.20 M⊙ by the time of their explosion, could be more massive if the wind mass-loss rate is reduced. For a discussion and a comparison between various prescriptions of wind mass loss-rates, see Yoon et al. (2010) .
OBSERVATIONAL PROPERTIES OF ULTRA-STRIPPED SUPERNOVAE

Remaining helium envelope mass prior to the SN
The modelling of synthetic SN spectra by Hachinger et al. (2012) suggests that more than 0.06 M⊙ of helium is needed for helium lines to become visible in optical/IR spectra, and thus for classification as a Type Ib rather than a Type Ic SN event. However, this question also depends on the amount of nickel synthesized during the explosion and how well it is mixed into the helium-rich material of the ejected envelope (Dessart et al. 2011) , given that the detectable helium is excited by the radioactive decay of nickel. Furthermore, Hachinger et al. (2012) , ejection of at least 0.06 M ⊙ of helium is needed to detect a SN as Type Ib (yellow and green region). Below this limit the SN is likely to be classified as a Type Ic (light blue region). However, this also depends on the amount of nickel synthesized -see text.
explosive helium burning during the SN explosion may also play a role in reducing the amount of helium (Woosley & Weaver 1995) .
In Fig. 9 , we show the amount of helium, M env He,f in the envelopes of most of our pre-SN models with MHe,i 3.5 M⊙. We find that, in general, EC SNe in binaries (particularly close binaries) are most likely to be observed as ultra-stripped Type Ic SNe, whereas our resulting Fe CCSNe can be observed as both ultrastripped (faint) Type Ic and Type Ib SNe, as well as more regular Type Ib SNe (the latter still with relatively small helium ejecta masses, typically less than 0.5 M⊙).
In comparison to the remaining amount of helium, M env He,f , we find from our binary models that the total envelope mass M env,f = M ⋆f − M core,f (i.e. all material outside the CO core) is larger by 0.03 M⊙ on average. This additional material is mainly composed of carbon which was mixed into the envelope.
Definition of ultra-stripped SNe
In Fig. 10 , we show the total amount of envelope mass, M env,f for most of our pre-SN models as a function of the final core mass of the exploding star, M core,f . The dotted line above M env,f ≈ 0.2 M⊙ shows the minimum envelope mass expected for the stars which explode first in close massive binaries (Yoon et al. 2010 ). These stars lose mass to a main-sequence (or slightly evolved) companion star via stable RLO prior to the SN.
In the following we assume that the envelope mass surrounding the pre-SN metal core can be taken as a rough estimate of the amount of material ejected during the SN explosion. (The determination of the exact location of the mass cut requires detailed computations of the explosion event.) We therefore suggest to define ultra- The dotted line shows the remaining envelope mass in pre-SN stars which explode first in massive binaries (i.e. after RLO to a main-sequence star companion) according to the calculations by Yoon et al. (2010) . Hence, we use this division to define ultra-stripped SNe as exploding stars in compact binaries which have
In addition to forming low-mass (1.1−1.4 M⊙) NSs from (almost) naked metal cores slightly above the Chandrasekhar mass 1 , we also expect ultra-stripped SNe to produce more massive NSs. From Table 1 , it is seen that ultra-stripped SNe occur in metal cores as massive as 2.15 M⊙ (cf. the model with MHe,i = 6.0 M⊙ and P orb,i = 0.1 days, and which leads to a post-Case BB RLO stellar mass of M ⋆,f = 2.37 M⊙ and a helium and carbon-rich envelope of only M env,f = 0.22 M⊙). Therefore, it seems plausible that ultra-stripped SNe may produce NSs with a wide range of masses between 1.10 − 1.80 M⊙, see Section 6.2 for further discussion.
We emphasize that ultra-stripped SNe only constitute a small fraction of all SNe Ic ( 1 per cent, Paper I), and also note that the ejected envelopes of exploding massive Wolf-Rayet stars may contain considerable amounts of carbon and oxygen. Whereas the pre-SN orbital periods of ultra-stripped SNe are typically between 1 hr and 2 days, the models of Yoon et al. (2010) resulted in pre-SN orbital periods, at the moment of the first explosion in close massive binaries experiencing stable RLO, of at least ∼ 10 days.
As also seen from Figs. 9 and 10, besides core mass, the final amount of helium and the total envelope mass is also correlated with the initial orbital period of the binary prior to Case BB RLO. Therefore, we also find that M env He,f and M env,f are correlated with the final orbital period, P orb,f just prior to the SN, cf. Table 1 .
Expected light curve properties
The relatively recent advent of all-sky, high-cadence transient surveys has led to the discovery of many rapidly evolving, luminous transients (see Drout et al. 2014 , for details). Drout et al. (2014) have estimated the rate of rapid transients (whose luminosity decreases by at least 50 per cent in 12 days) to be 4-8 per cent of the core-collapse rate (at a redshift z = 0.2). Observationally, these newly discovered luminous transients form a heterogeneous group of objects, possibly suggesting a variety of explosion mechanisms.
For comparison, the rate of less luminous SN 2005ek-like events is at least 1-3 per cent of the SN Ia rate (Drout et al. 2013 ). As we have argued in Paper I, the oxygen-rich, Type Ic supernova SN 2005ek is probably consistent with an ultra-stripped SN, i.e. a helium star stripped of most of its helium by binary interactions, as predicted by our models (see also Drout et al. 2013) . In Paper I, we estimated that the fraction of ultra-stripped SNe to all SNe could be as high as 0.1-1 per cent.
It is beyond the scope of this paper to compute the SN explosions from our progenitor models. However, the corresponding events can be expected to be fast and, in most cases, probably quite faint. Based on the photon diffusion time through a homologously expanding SN envelope (Arnett 1979 (Arnett , 1982 Kleiser & Kasen 2014) , we estimate the rise time τr from the light diffusion time through the SN as:
which for the parameter range of our ultra-stripped SN progenitor models results in rise times between 12 hr and 8 days (cf. Table 2 ). Here, M0.1 is the ejecta mass in units of 0.1 M⊙, E50 the SN kinetic energy in units of 10 50 erg, and κ0.1 the opacity in units of 0.1 cm 2 g −1 .
Here we assumed κ0.1 = 1, which is suitable for electron scattering in singly ionized helium (although the opacity of the SN ejecta does depend on the temperature and the composition of the expelled material, Kleiser & Kasen 2014) .
The peak brightness can be estimated according to Arnett's rule (Arnett 1982) , which results in absolute magnitudes of M = −11.8, −13.4, −15.0, and −16.6 for nickel masses of 0.001, 0.005, 0.01, and 0.05 M⊙, respectively, where we gauged the relation with the models of Paper I. As the diffusion time is shorter than the radioactive decay timescale, the light curves should follow the radioactive decay law immediately after the light curve peak, until the SN becomes optically thin to gamma-rays at time τ d , when the decay of the optical light curve should accelerate. By assuming a constant density in the SN ejecta, and a constant velocity of the ejecta of vexp = (2ESN/Mej) 0.5 , we can estimate the time when the electron scattering optical depth of the SN light curve becomes equal to one as:
which results in timescales of the order of 1 to 50 days for our models (cf. Table 2 ). Fast and faint SNe have been suggested to occur also based on other models: thermonuclear explosions (Bildsten et al. 2007; Dessart & Hillier 2015) , accretion-induced collapse of massive WDs (Dessart et al. 2006 ) as well as core collapse (Kleiser & Kasen 2014) , where for some of them it remains to be seen whether they are produced by Nature. As the observed short orbital period NS systems give evidence to the scenario elaborated here (cf. Section 6), we hope that the spectroscopic features of these ultra-stripped SNe -which remain to be worked out -will allow an unambiguous identification of these events which could then serve to measure the NS merger rate directly (Section 6.5).
Location of ultra-stripped SNe in host galaxies
To further help identifying optical transients as ultra-stripped SNe it is important to know their expected location with respect to starforming regions in host galaxies. An ultra-stripped SN is the second SN in a binary and thus the travel distance of the system, d, with respect to its original birth location as a ZAMS binary, is the product of the systemic velocity resulting from the first SN, vsys, and Voss & Tauris (2003) that the progenitor binaries must have been fairly wide following the first SN explosion to avoid a merger during the subsequent CE and spiral-in phase when the secondary star evolved. The reason is that only massive stars which are evolved (i.e. requiring a wide binary) have small enough envelope binding energies to allow for a successful ejection of their envelope leading to survival of the CE-phase (Dewi & Tauris 2000 Podsiadlowski 2001) . As a consequence of this criterion, also the pre-SN systems (prior to the first explosion) must, in general, have been wide. Therefore, to ensure survival of these systems, the first SN must have imparted a small kick on the newborn NS, less than 200 km s −1 and with an average of only ∼ 50 km s −1 (Voss & Tauris 2003) . The resulting systemic velocities are therefore also small with an average of vsys ≃ 10 km s −1 . This picture seems to have observational support when considering the typical small migration distances (∼ 0.1 kpc) of HMXBs from the spiral arms in the Milky Way (Coleiro & Chaty 2013) .
To conclude, we find that the typical expected value of the travel distance is d = vsys · t2 ≃ 200 − 300 pc (the entire interval spanning between 100 − 800 pc). Therefore, we predict ultrastripped SNe to occur relatively close to the star-forming regions in host galaxies.
Comparison to SN 2005ek
In Paper I, we argued that SN 2005ek is a good candidate for an ultra-stripped SN. This SN was discovered by Drout et al. (2013) . It exploded in the star-forming galaxy UGC 2526, but with a large projected offset to areas with strong Hα emission. Drout et al. (2013) argued that, although the upper limit of the Hα line flux (3.3 × 10 37 erg s −1 ) is an order of magnitude below the mean value for HII regions associated with core-collapse SNe (Crowther 2013) , such a low value at the explosion site of core-collapse SNe has been measured previously. Furthermore, they argue that, if the progenitor star was older than ∼ 20 Myr, the lack of observed Hα emission could be caused by a shorter lifetime for giant HII regions. Given that our DNS modelling predicts progenitor lifetimes up to 40 Myr for ultra-stripped exploding stars (especially for EC SNe), we find that SN 2005ek remains a good candidate for an observed ultra-stripped SN.
HELIUM STAR MASS-TRANSFER AND NS ACCRETION RATES
The calculated mass-transfer rates from our models are plotted in Fig. 11 . This plot shows how the peak value of the mass-transfer rate, |Ṁ max He | during stable RLO (Case BA, BB or BC) depends on P orb,i and MHe,i of the helium star. For the smallest value of P orb,i (Case BA RLO), |Ṁ max He | increases by more than an order of magnitude when MHe,i is increased from 2.5 to 3.5 M⊙. However, for the wider systems with initial P orb,i 2.0 days (Case BC RLO), |Ṁ max He | is roughly constant or slightly decreasing with MHe,i. In general, |Ṁ max He | is always close to 10 −4 M⊙ yr −1 within a factor of a few. We have also plotted the Kelvin-Helmholtz mass-transfer rate,ṀKH, defined as the ratio between the stellar mass and the Kelvin-Helmholtz (thermal) timescale of the star at the onset of the RLO, i.e.ṀKH ≡ MHe/τKH = RL/(GMHe), where R and L are the radius and the luminosity of the star at the onset of the RLO, and G is the gravitational constant. The range of values of |Ṁ max He | is fairly consistent with that ofṀKH although the latter range has a larger spread. Only for very evolved helium stars in wide binaries with P orb,i = 20 days is the value ofṀKH ≃ 10 −2 M⊙ yr −1 (not shown on plot) significantly larger than |Ṁ max He |. However, whereaṡ MKH increases with P orb,i , the calculated values of |Ṁ max He | show the opposite trend for larger values of MHe,i. One reason for this is that the value of |Ṁ max He | is influenced by the shrinking of the orbit when mass is transferred from the (at least initially) more massive donor star to the lighter accreting NS, thereby leading to sub-thermal timescale mass transfer. Fig. 12 shows examples of more detailed mass-transfer rates for the four systems discussed in Section 3. In general, the computed mass-transfer rates are close to 10 −4 M⊙ yr −1 . This value Figure 12 . The mass-transfer rate, |Ṁ He | from the four helium star binaries discussed in Sections 3.1, 3.2, 3.3 and 3.4, leading to an Fe CCSN, EC SN, ONeMg WD and a CO WD, respectively. The mass-transfer rates all peak close to 10 −4 M ⊙ yr −1 . The narrow peaks in |Ṁ He | at the end of the computations are caused by numerical instabilities and/or shell flashes. For the helium star with an initial mass of M He,i = 2.6 M ⊙ and P orb,i = 0.06 days, the system leads to a merger in the UCXB-phase. The helium star with an initial mass of M He,i = 3.5 M ⊙ has reduced its mass to 3.0 M ⊙ at the onset of RLO as a result of stellar wind mass loss (Fig. 3) .
For the other (low-mass) helium stars, stellar wind mass loss was neglected. Figure 13 . The mass-transfer rate, |Ṁ He | as a function of time for 3.0 M ⊙ helium star donors with different values of P orb,i . The time t = 0 is defined at RLO onset for all systems. For the two narrow systems the calculations are terminated by a vigorous helium shell flash following off-centre oxygen ignition, similar to the case discussed in Paper I. It is clearly seen how the duration of the mass-transfer phase, ∆tx, increases with decreasing value of P orb,i , resulting in more rapidly spinning recycled pulsars in DNS systems in close orbits. In all cases shown the outcome is an ultra-stripped Fe CCSN with M env,f = 0.04 − 0.23 M ⊙ . For wider systems with P orb,i = 5 − 120 days, see Fig. 16 .
is 3-4 orders of magnitude larger than the Eddington accretion rate for NSs and therefore implies that > 99.9 per cent of the transferred material is lost from the system (presumably in the form of a jet, or a wind from the disk, with the specific orbital angular momentum of the NS, as assumed in the isotropic re-emission model applied to our computations). Depending on the exact assumed accretion efficiency for such Case BB RLO calculations (see Lazarus et al. 2014 , for discussions), the NS thus typically accretes ∼ 10 −3 M⊙ of material (see also Fig. 13 ). For the values quoted in Table 1 we assumed an accretion efficiency of 100 per cent of the Eddington accretion rate. However, it is possible that the amount of material accreted by the NS, ∆MNS, is larger by at least a factor of three, based on evidence for a high accretion efficiency from PSR J1952+2630 (Lazarus et al. 2014) .
Super-Eddington accretion by a factor of a few is easily obtained by a thick accretion disk with a central funnel (Abramowicz et al. 1980) , or a reduction in the electron scattering cross-section caused by a strong B-field (Basko & Sunyaev 1976; Paczynski 1992 ).
DOUBLE NEUTRON STAR (DNS) SYSTEMS
6.1 Correlation between P orb and Pspin for mildly recycled pulsars in DNS systems?
In Fig. 13 , one can see from our computations how the duration of the mass-transfer phase, ∆tx, increases as a function of decreasing P orb,i for a given binary (see also Fig. 16 for wider systems). In other words, the larger P orb prior to Case BB RLO, the shorter is the duration of the mass-transfer phase (due to the more evolved stage of the donor star at the onset of the RLO) and thus the less efficient is the recycling process and thus the longer is the expected spin period, Pspin, of the mildly recycled pulsar. Assuming this relation to survive the SN explosion, one might expect a correlation between P orb and Pspin of the recycled pulsars in DNS systems (see further discussion in Tauris et al., in preparation) . A correlation between P orb and Pspin has previously been hinted indirectly on similar qualitative arguments (e.g. Chaurasia & Bailes 2005; Dewi et al. 2005 ). However, we caution that the value of Pspin depends on the location of the magnetospheric boundary of the accreting NS and therefore it depends on its B-field (Pringle & Rees 1972; Lamb et al. 1973) . This dependence is difficult to correct for given the current poor understanding of B-field decay via accretion and -probably worse -convolved with the scatter in NS B-fields from their birth and the unknown magnetic inclination angle which affects the braking torque and thus the observed time derivative of Pspin.
Spin periods of mildly recycled pulsars in DNS systems
As demonstrated in Tauris et al. (2012) , the calculated amount of material accreted on to NSs during Case BB RLO in post-CE binaries matches well with the observed spin period values for mildly recycled pulsars. Using their equation (14), we find that the values of ∆MNS calculated here (between 10 −4 M⊙ and 3 × 10 −3 M⊙, if assuming an accretion efficiency of 100 per cent up to the Eddington limit, cf. discussion in Section 5) are adequate to produce a mildly recycled pulsar with a spin period roughly between 25-350 ms. If the accretion efficiency can be super-Eddington by a factor of 1.5, 2.0 or 3.0 (Lazarus et al. 2014) , the fastest spin period of a DNS pulsar becomes 19, 15 and 11 ms, respectively. For comparison we note that the DNS system with the fastest spinning recycled NS known to date is the double pulsar PSR J0737−3039 (Burgay et al. 2003) which has a spin period of Pspin = 23 ms.
The formation and properties of very wide-orbit DNS systems (with post-SN P orb > 20 days) are discussed in Section 6.3. Table 1 ). The total mass is divided into three regions representing the amount of helium (orange), the remaining carbon-rich envelope (red), and the metal core (purple). The blue shaded region represents stars leaving ONeMg WD remnants. The yellow line indicates the gravitational masses of the NS remnants (∼ 1.20 − 1.80 M ⊙ ) calculated for a SN mass cut at the metal core boundary, applying the gravitational binding energy following Lattimer & Yahil (1989) . The hollow yellow hatching indicates that lower NS masses are possible if the mass cut occurs deeper in the exploding stars. Helium stars evolved in X-ray binaries with shorter initial orbital periods will be further stripped, resulting in even smaller envelopes (Figs. 9 and 10).
Neutron star masses and kicks
In Fig. 14 , we present the interior composition of our pre-SN models as cross sections by mass, which were calculated for helium stars with initial masses between 2.5 and 6.0 M⊙, in binaries with an initial orbital period of 0.1 days and an accreting 1.35 M⊙ NS. (Note, the helium stars with the smallest initial masses do not produce a SN, cf. Table 1 ). This figure illustrates the extreme degree of stripping for, in particular, the lowest mass helium stars. We estimate that the NSs produced from our ultra-stripped SNe could potentially have masses in the range 1.10 − 1.80 M⊙. The exact mass of the NS depends on the mass cut during the explosion and the NS equation of state, both of which are still uncertain. We notice that the second formed NS in a DNS system with the lowest known mass is PSR J0453+1559 (Martinez et al. 2015) which has a precisely measured mass of 1.17 M⊙ (less than ∼ 1.18 M⊙ at the 99.7 per cent confidence level). For recent discussions on the upper limit of NS birth masses in binaries, see e.g. Tauris As a result of the SN explosion, a significant momentum kick is often imparted on a newborn NS. Such kicks are associated with explosion asymmetries and may arise from non-radial hydrodynamic instabilities in the collapsing stellar core (i.e. neutrinodriven convection and the standing accretion-shock instability, Blondin & Mezzacappa 2006; Scheck et al. 2006; Foglizzo et al. 2007; Marek & Janka 2009; Janka 2012 Janka , 2013 Bruenn et al. 2014; Foglizzo et al. 2015) . These instabilities lead to large-scale anisotropies of the innermost SN ejecta, which interact gravitationally with the proto-NS and accelerate the nascent NS on a timescale of several seconds (e.g. Janka 2012; Wongwathanarat et al. 2013) .
The momentum kick imparted to a newborn NS via an EC SN is expected to be small. This follows from detailed simulations which imply: i) explosion energies significantly smaller than those inferred for standard Fe CCSNe (Kitaura et al. 2006; Dessart et al. 2006) ; and ii) short timescales to revive the stalled supernova shock, compared to the timescales of the non-radial hydrodynamic instabilities which are required to produce strong anisotropies, e.g. Podsiadlowski et al. (2004); Janka (2012) . Simulations of EC SNe by Kitaura et al. (2006) ; Dessart et al. (2006) predict explosion energies of about (or even less than) 10 50 erg, and thus possibly kick velocities less than 50 km s −1 , i.e. significantly smaller than the average kick velocities of the order 400 − 500 km s −1 which are evidently imparted on young pulsars in general (Lyne & Lorimer 1994; Hobbs et al. 2005) .
One may ask what would be the magnitude of a kick imparted to a NS born in an ultra-stripped SN, which can be either an EC SN or an Fe CCSN. We see two factors which imply that in these objects, the NS kicks may by small. First, from our modelling of the progenitor stars of ultra-stripped SNe, we have demonstrated (Section 4) that the amount of ejecta is extremely small compared to standard SN explosions. This may likely lead to a weaker gravitational tug on the proto-NS (caused by asphericity of the ejecta, e.g. Janka 2012) and thus a small kick. Second, the binding energies of the envelopes of our models, even including the CO-layer, are often only a few 10 49 erg (Fig. 15) , such that even a weak outgoing shock can quickly lead to their ejection, potentially before large anisotropies can build up. While these arguments hold best for the lowest mass NSs formed from our models, it is possible in principle that one can form even rather massive NSs from ultra-stripped progenitors with low kicks, provided that the whole (most) of the ONeMg core collapses. However, these more massive ONeMg cores are also expected to produce larger iron cores and may therefore lead to more 'normal' Fe CCSNe with larger explosion energies and larger kicks. We are unable to resolve this issue as this requires full core-collapse calculations. In addition, it will be left to a future study to investigate how the final pre-SN cores in ultra-stripped progenitors differ from those of single stars of comparable initial mass to confirm whether low-kick NSs preferentially occur in close binaries, as seems to be indicated by observations (Pfahl et al. 2002; Podsiadlowski et al. 2004) .
While it is difficult to estimate kick values, these arguments taken together allow us to speculate that ultra-stripped SNe (EC SNe and, at least, Fe CCSNe with relatively small metal cores) generally lead to the formation of NSs with small kicks. This would have important consequences for the formation of DNS systems and we discuss these implications in a future study.
We recall that the metal core masses (M core,f ) listed in Table 1 correspond to the mass inside the CO core boundary. Whereas this boundary is fairly stable towards the end of the nuclear evolution of our modelling, the boundary of the ONeMg core is quite sensitive to the number of carbon burning shells which develop in the final phases of our calculations. This explains the somewhat larger scattering in envelope boundary energies in the lower panel compared to the upper panel of Fig. 15. 
Formation and properties of very wide-orbit DNSs
In the previous sections, we have discussed the evolution of tight orbit (P orb,i 2 days) helium star-NS systems, leading to the formation of fairly close orbit DNS systems via an ultra-stripped SN. In addition, we have investigated a number of wide-orbit helium star-NS systems with 5 P orb,i 120 days, cf. Table 1. A common feature of these wide-orbit systems is that by the time the helium star fills its Roche lobe (at an orbital period larger than P orb,i as a consequence of stellar wind mass loss), the helium star is quite evolved and is already undergoing carbon shell burning. As a consequence of this, the remaining lifetime of the helium star is less than a few thousand years at the onset of RLO. Therefore, by the time the helium star explodes in a SN (during RLO) it will still have a rather thick helium envelope of M env He,f = 0.2 − 0.8 M⊙ (the wider the orbit, and the more massive the initial helium star, the larger envelope will remain at the onset of the core collapse). Such a relatively massive envelope ejected at the time of the SN will not only affect the observational properties of the light curve. It also results in larger post-SN orbital periods and eccentricities of the DNS systems formed. Typical values for the eccentricities in the case of symmetric SNe would be 0.2 − 0.5. However, larger (and smaller) values are possible if kicks are added (which indeed might be the case as a result of the larger ejecta mass of these stars, cf. discussion in Section 6.2). We find that orbital periods of DNS systems with a recycled pulsar are expected out to about 200 days (again depending on the imparted kicks).
Given that the SN will terminate the recycling process of the accreting NS shortly after RLO is initiated, we expect the resulting Figure 16 . Remaining helium envelope mass, M env He,f (red curve) at the time of the SN as a function of initial orbital period, P orb,i of helium star-NS systems with M He,i = 3.0 M ⊙ . Also plotted is the duration of the RLO prior to the explosion (blue curve), which determines the properties of the (marginally) recycled pulsar companion (see text). In all cases shown, the metal core reaches a final mass of ∼ 1.58 M ⊙ at the moment of the Fe CCSN. Ultra-stripped SNe require P orb,i 2.0 days for M He,i = 3.0 M ⊙ . The grey-shaded region to the right indicates the location of systems which are too wide for post-HMXB/CE Case BB RLO to occur.
wide-orbit DNS systems to contain extremely mildly recycled pulsars, i.e. marginally recycled pulsars, with spin periods in excess of 100 ms and relatively large B-fields. These pulsars should be observed in the grey-zone in the PṖ -diagram where it is difficult to distinguish such marginally recycled pulsars from the lower Bfield population of isolated, old non-recycled pulsars. The recently discovered DNS system PSR J1930−1852 (Swiggum et al. 2015) is an bona fide example of such a system. It has a spin period of 185 ms, a spin period derivative ofṖ = 1.8 × 10 −17 s s −1 , an orbital period of 45 days and an eccentricity of 0.40.
In Fig. 16 , we have plotted the amount of helium left in the envelope at the time of the SN, as well as the duration of the pulsar recycling phase via Case BB (strictly speaking Case BC) RLO, as a function of the initial orbital period of the helium star-NS system. In this plot, calculations are shown for helium stars with MHe,i = 3.0 M⊙ -see Table 1 for other systems with P orb,i = 20 days. It is clearly seen how the remaining helium envelope mass increases with P orb,i , and how the duration of the RLO (∆tx) decreases with P orb,i . Given that the growth of NS mass is expected to be limited by (possibly a few times) the Eddingtonaccretion limit ofṀ Edd,NS ∼ 4 × 10 −8 M⊙ yr −1 (for pure helium), we expect wide-orbit DNS systems to be (marginally) recycled with ∆MNS ≃ 1 − 10 × 10 −4 M⊙, typically resulting in spin periods in excess of 100 ms [cf. eq. (14) in Tauris et al. (2012) for a rough estimate of the expected spin period after recycling].
The system with P orb,i = 120 days will not initiate RLO since the radius of the helium star, reaching a maximum of 74 R⊙, is unable to catch up with its Roche-lobe radius (which is increasing since the orbit is expanding due to stellar wind mass loss). Hence, its NS companion will avoid recycling.
Finally, we note that in all cases, even for the widest systems which initiate RLO, the expanding helium envelope is stable against convection (except in a very tiny layer near the surface). This means that: i) the mass-transfer rates in these systems are not much different from those shown in Fig. 11 for helium star donors in closer orbits, and ii) the RLO is always dynamically stable such that these systems avoid evolving into yet another CE.
Constraints on NS accretion prior to Case BB RLO
Following the formation of the first born NS in a massive binary, there are four phases of evolution which could potentially lead to accretion onto this NS: i) accretion from the stellar wind of the massive donor star prior to the formation of a CE (i.e. standard HMXB accretion), ii) accretion during the CE-phase, iii) accretion from the stellar wind of the exposed naked helium core (Wolf-Rayet star) of the former massive companion star, and iv) Case BB RLO from the expanding helium star as investigated in this paper.
Depending on the lifetime (mass) of the companion star, an upper limit to the amount of material accreted from a wind in the first phase is of the order 10 −2 M⊙. The wind accretion from the naked helium star prior to Case BB RLO (third phase) may reach a few 10 −4 M⊙. However, in both cases it is unclear to which extent the wind-accreting NS is able to efficiently spin up. This depends on, for example, whether or not an accretion disk is formed, and whether or not propeller effects are important (e.g. Frank et al. 2002) .
It was recently demonstrated by MacLeod & Ramirez-Ruiz (2015a,b) that a NS embedded in a CE only accretes a modest amount of material during its spiral-in as a result of density gradients across the NS's accretion radius (which strongly limits accretion by imposing a net angular momentum to the flow around the NS). They computed a firm upper limit of 0.1 M⊙. Also in this phase, given the extreme conditions with a very high ram pressure and a squeezed magnetosphere, the efficiency of transporting angular momentum to the NS is likely to be very limited.
We therefore conclude that the properties of the first born NS in an observed DNS system might entirely be explained by the Case BB RLO investigated here. Further evidence for this comes from observations of the wide-orbit DNS systems: PSR J1753−2240 (Keith et al. 2009 ), PSR J1811−1736 and PSR J1930−1852 (Swiggum et al. 2015) , which have rather slow spin periods of 95, 144 and 185 ms, respectively, in agreement with our calculated estimates from Case BB RLO and indicating rather inefficient angular momentum transport during the other phases briefly discussed above.
Merger time of DNS systems resulting from our models
As previously mentioned, the final orbital period prior to an ultrastripped SN, P orb,f , is typically between 1 hr and 2 days (cf. Table 1). In general, the dynamical effects of SNe may change the orbital period significantly (Hills 1983; Brandt & Podsiadlowski 1995; Tauris & Takens 1998; Wex et al. 2000) . However, the core structure of a star depends strongly on whether it evolves in a close binary or in a wide binary/isolation (Podsiadlowski et al. 2004) . As suggested in Section 6.2, kicks imparted on NSs formed from ultrastripped stars (i.e. during the second explosion forming DNS systems) are possibly small. If correct, this would imply that, on average, the post-SN orbital periods will not be much larger than the pre-SN orbital periods.
As a consequence of gravitational wave radiation (Peters 1964) , the merger timescale for such newly formed DNS systems with orbital periods between 1 hr and 2 days is between a few Myr and ∞; shortest for close binaries with high post-SN eccentricities (which may still be significant even from small kicks). The Figure 17 . Histogram of merger times caused by orbital decay via gravitational wave radiation of the final double degenerate systems resulting from the binaries modelled in this paper with P orb,i = 0.1, 0.5 and 2.0 days (cf. Table 1 ), corresponding to the three peaks, respectively. The blue colour represents DNS systems; the red colour represents NSWD systems (i.e. systems where the helium donor star left behind a massive WD orbiting the NS). See text for details. maximum post-SN orbital period of a DNS system that will merge within a Hubble time (assuming NS masses of 1.4 M⊙) is between 0.7 and 1.7 days for post-SN eccentricities of 0.1 − 0.7.
In Fig. 17 , we have plotted the merger times, τgwr, caused by orbital decay via gravitational wave radiation of the double degenerate systems resulting from our models presented in Table 1. In case the donor star terminated as a SN, creating a DNS system, we assumed, for simplicity, a symmetric explosion (i.e. without a kick). The mass of the newborn NS was calculated using: MNS = M core,f − M Fig. 14 . Subsequently, we calculated the amount of mass ejected and the resulting post-SN orbital period and eccentricity (e.g. Bhattacharya & van den Heuvel 1991) , before calculating τgwr via numerical integration (Peters 1964) . In case the donor star terminated as a WD, we assumed that MWD = M core,f and that the orbit remained circular with a resulting orbital period equal to P orb,f . (The slight widening of the orbit from losing the thin envelope in a proto-WD wind is assumed to be compensated with orbital decay due to gravitational wave radiation during this epoch.) The systems in the histogram are seen to cluster in three groups corresponding to τgwr < 250 Myr, τgwr = 1 − 10 Gyr and τgwr > 85 Gyr, reflecting our systems chosen initially with helium-star ZAMS orbital periods of P orb,i 0.1 days (left), 0.5 days (middle), and 2.0 days (right), cf. Table 1 . We emphasize that the distribution in Fig. 17 only represents examples within the expected range of τgwr and that the true distribution of τgwr requires population synthesis modelling (e.g. Voss & Tauris 2003) . It is possible that some of the tight systems which end up in a CE may survive the spiral-in phase and produce very tight systems with even smaller values of τgwr (Dewi & Pols 2003) , see discussion in Section 7.2.
In a future publication we analyse in more detail the observed distributions of orbital periods, spin periods, eccentricities and systemic velocities of DNS systems and confront them with simulations and expectations from ultra-stripped SNe. Table 1 . The dotted lines (equations 8-10) separating the regions of different outcomes are useful for population synthesis. Our modelled systems with P orb,i of 5 − 120 days are not shown here, but fall in the region between P orb,i = 2.0 days and the single helium stars. Fig. 18 shows the final fate of the 2.5 − 3.5 M⊙ helium stars which we have modelled in binaries. Also shown to the right is the outcome of the same helium stars evolved in isolation without a companion star. As discussed in Section 3.1, the boundary between EC SNe and Fe CCSNe is perhaps somewhat less certain compared to the other boundaries shown. Furthermore, along the sequence calculated for P orb,i = 0.06 days we could not determine (due to numerical instabilities) the exact mass for which the mass transfer becomes dynamically unstable, leading to a CE evolution. Certainly, the helium stars with MHe,i > 3 M⊙ end up in a CE for these short initial orbital periods. Systems with P orb,i less than 0.06 days are excluded because the helium ZAMS stars cannot fit inside such small Roche lobes. One can use this figure for determining the fate of helium stars in close binaries when performing population synthesis.
DISCUSSIONS
Mapping initial parameter space to final outcome
Fitting formulae with applications to population synthesis
Based on our results presented in Figs. 2, 9, 10 and 18 we have fitted a number of relations which are, for example, useful for population synthesis modelling.
For the relation in Fig. 2 between final pre-SN metal core mass, M core,f and initial values of helium star mass, MHe,i (prior to Case BB RLO and wind mass loss), and orbital period, P orb,i we find:
where P orb,i is in units of days and masses are in M⊙. For the investigated mass interval of 2.5 MHe,i/M⊙ 3.5 this fit is accurate to within about 1 per cent (except for the very low-mass end where the discrepancy is 3 per cent for the wider systems).
The remaining amount of helium in the pre-SN envelope, M env He,f can be fitted as a function of final pre-SN metal core mass and initial orbital period as follows:
where the upper expression is valid (generally within an error of ±0.01 M⊙) for 0.06 < P orb,i 2.0 days, and the lower expression is an approximation for P orb,i > 2.0 days and single helium stars (P orb,i → ∞). By combining equations (3) and (4) one can calculate M env He,f directly as a function of initial orbital period and initial helium star mass.
The orbital evolution can easily be calculated analytically by separating the wind mass loss prior to Case BB RLO from the subsequent Roche-lobe mass transfer (during which the effect of wind mass loss is small compared to a mass-transfer rate of ∼ 10 −4 M⊙ yr −1 , cf. Section 5). For mass loss due to a direct fast stellar wind from the helium star (i.e. Jeans's mode, Huang 1963; van den Heuvel 1994) , the orbital period change is given by:
where P0 and P represent the initial helium ZAMS orbital period (P orb,i ) and the orbital period at the onset of the RLO, respectively. The mass ratio between the stellar components, q ≡ MHe/MNS at the same two epochs is denoted by q0 and q. By integrating the orbital angular momentum balance equation and applying the so-called isotropic re-emission model (Bhattacharya & van den Heuvel 1991) one can find the change in orbital separation during non-conservative RLO. Tauris (1996) derived:
where a0 and a refer to the orbital separation prior to RLO and after RLO, respectively, and where q0 and q now represent the mass ratios at these two epochs. The parameter β represents the (constant) fraction of transferred material which is lost from the vicinity of the NS. Given that the mass-transfer rate of Case BB RLO is much higher than the Eddington limit for an accreting NS (|Ṁ2| ≫Ṁ Edd,NS , and thus β → 1) one can approximate the above equation and combine it with Kepler's third law to yield (see also King et al. 2001) :
As a numerical example, we can compare this expression with our BEC computation of Case BB RLO for a 3.2 M⊙ helium star orbiting a 1.35 M⊙ NS with an initial orbital period of 2.0 days, and for which stellar winds were not included. As seen in Table 1 , the final mass of the donor star prior to the explosion is 1.98 M⊙. Hence, we get q0 = 2.37037 and q = 1.46656 for this system, and inserting P0 = 2.0 days in the above equation we find that the final orbital period at the end of Case BB RLO is P = 1.0476 days (exactly as calculated with our binary stellar evolution code, cf. 1.05 days in Table 1 ). Of course, gravitational wave radiation included in the code also carries away orbital angular momentum. However, this effect is negligible during the short lasting (typically a few 10 4 yr) Case BB RLO, cf. Fig. 13 .
For the final fate of a helium star in a close orbit with a NS (Fig. 18, dotted lines) we find that the outcome is either:
MHe,i MFeCCSN, EC SN : MECSN MHe,i < MFeCCSN, ONeMg WD :
where the threshold initial mass for producing an Fe CCSN is:
and the threshold initial mass for producing an EC SN is:
where P orb,i is in days and the threshold masses are in M⊙. The above formulae are valid for P orb,i 0.07 days and MHe,i 2.5 M⊙. For P orb,i ≃ 0.06 − 0.07 days, the outcome is a CO WD if MHe,i 2.8 M⊙, and most likely a CE for more massive helium stars. Furthermore, one should keep in mind that all calculations were performed for a 1.35 M⊙ accreting NS. Using other NS masses may slightly change the boundaries stated above.
Comparison to previous work
Whereas ultra-stripped SNe as such have not been discussed much in the literature up to now (besides from Paper I), we can compare our Case BB RLO modelling to earlier work.
The systematic investigations by Dewi et al. (2002) , Dewi & Pols (2003) and Ivanova et al. (2003) , also considered Case BB RLO from helium stars with masses of 1.5 − 6.7 M⊙ in binaries with a NS. However, whereas these previous computations usually terminated their calculations after carbon burning, we were often able to continue the binary stellar evolution until oxygen burning. Hence, we have been able to strip the envelopes of our donor stars further prior to the SN (i.e. ultra-stripped SNe), in some cases all the way down to < 0.01 M⊙.
The main conclusion of Dewi & Pols (2003) is that helium stars with MHe,i = 2.8 − 3.3 M⊙, and those with MHe,i = 3.3 − 3.8 M⊙ in narrow systems of P orb,i 0.25 days, lead to unstable RLO and formation of a CE. They argued that the outcome of these systems is ejection of the helium envelope, and thus survival of such a (second) CE-phase, and eventually formation of tight orbit DNS systems with P orb ∼ 0.01 days. For the more massive helium stars with MHe,i > 3.8 M⊙, and those with MHe,i = 3.3 − 3.8 M⊙ in somewhat wider systems of P orb,i 0.25 days, they found stable RLO leading to final DNS systems with P orb ≃ 0.1 − 1 days. The outcomes of our computations are quite different. From Fig. 18 and Table 1 it is clearly seen that all our low-mass (2.5 − 6.0 M⊙) helium stars are dynamically stable throughout the RLO. The only exceptions are for MHe,i 3.0 (2.8) M⊙ in very close initial orbits of P orb,i = 0.06 days where mass transfer is initiated early on the main sequence (Case BA). In some cases our models experience numerical instabilities near the end of the RLO, for example, triggered by a vigorous helium shell flash after ignition of oxygen (see Paper I). However, as demonstrated here (cf. Section 7.6 and the Appendix), even in case such events lead to a runaway mass transfer and the possibility of forming a (second) CE, the remaining lifetime of the donor stars until the SN explosion in these systems is much shorter than the timescale of the spiral-in process in a dilute envelope with a mass of typically < 0.01 M⊙. In addition, the binding energy of such an envelope is very small, leading to rapid ejection without significant spiral-in. Therefore, we do not (directly) produce such extremely short P orb DNS systems as predicted by Dewi et al. (2002) and Dewi & Pols (2003) . Of course, all our DNS systems formed with P orb 0.5 days will also become extremely tight systems within a few Gyr due to gravitational wave radiation (Fig. 17 ), so this issue should not affect much the predictions for the detection rate of LIGO/VIRGO which are based on population synthesis (e.g. Belczynski et al. 2002; Voss & Tauris 2003) . However, this difference in characteristics for the newly formed DNS systems is quite important for the numbers of observable DNS systems as radio pulsars with P orb < 1 day.
The results of Ivanova et al. (2003) are somewhat closer to ours. A remaining key difference is that Ivanova et al. (2003) find that their calculated mass-transfer rates for systems with initial orbital periods, P orb,i < 0.4 days sometime exceed a critical mass-transfer rate,Ṁcrit related to the location of the so-called trapping radius (e.g. Begelman 1979; Chevalier 1993; MacLeod & Ramirez-Ruiz 2015a) . In systems with very large super-Eddington mass-transfer rates, matter presumably piles up around the NS and forms a growing, bloated cloud engulfing a large fraction of the accretion disk. A system will only avoid a CE if it manages to evaporate the bulk of the transferred matter via the liberated accretion energy at a distance from the NS larger than the trapping radius. Otherwise, the incoming material has too much negative binding energy to be ejected. At the same time, this trapping radius must be located inside the Roche lobe of the NS in order to avoid a CE (King & Begelman 1999) . The exact location of the trapping radius, and thus the value ofṀcrit, is difficult to calculate because it also depends on the cooling processes of the infalling gas (Narayan & Yi 1995; Blandford & Begelman 1999) . Nevertheless, in all of our models presented in Table 1 with P orb,i > 0.06 days we find that |Ṁ max He | Ṁ crit, whereṀcrit is calculated from equation 15 in Ivanova et al. (2003) , and varies from about 3.7 × 10 −3 M⊙ yr −1 (for P orb,i = 2.0 days) to 4.3 × 10 −4 M⊙ yr −1 (for P orb,i = 0.08 days). Only for P orb,i = 0.06 days we find a couple of systems where |Ṁ max He | >Ṁcrit. However, these systems are anyway found to result in a runaway mass transfer and thus formation of a CE. Therefore, our calculated mass-transfer rates from the helium stars donors must be slightly smaller than those calculated by Ivanova et al. (2003) . The reason for this, besides from using different stellar evolution codes, is perhaps that our mass-transfer rates are calculated using the prescription by Ritter (1988) whereas Ivanova et al. (2003) adopted the prescription by Tout & Eggleton (1988) . To summarize, we caution that all numerical calculations of Case BB RLO could potentially be affected by uncertain accretion processes at high mass-transfer rates exceeding the Eddington limit by ∼ 4 orders of magnitude. Dewi et al. (2002) evolved a number of helium star donors to become CO WDs or ONeMg WDs. For Case BA RLO they found that all helium stars with MHe,i = 1.5 − 2.9 M⊙ form CO WDs. This is in good agreement with our calculations. We find that helium stars with a mass up to (at least, possibly slightly higher) 2.7 M⊙ will produce CO WDs with a mass of 0.78−0.87 M⊙. For Case BB RLO they find that 2.1 − 2.5 M⊙ helium stars produce ONeMg WDs. This is also in fine accordance with our calculations where we find that ONeMg WDs (of masses 1.21 − 1.35 M⊙) are produced from helium stars with an initial mass of up to 2.6 − 2.7 M⊙ for Case BB RLO (cf. Fig. 18 ).
To determine the outcome of our models at the borderline between EC SNe and Fe CCSNe we can compare our computations to the work of Umeda et al. (2012) and Jones et al. (2013) . This is necessary at this stage since we could not calculate through silicon burning until the onset of the core collapse. For example, we notice that the computed structure of our 2.9 M⊙ helium star with P orb,i = 0.1 days (discussed in detail in Paper I) resembles very well the core of 9.5 − 11 M⊙ single stars computed by these authors and which were found to produce Fe CC SNe.
Varying the mixing length and the metallicity
In our default models, we assumed a mixing-length parameter of α = l/Hp = 2.0 and therefore we tested a number of models using α = 1.5 (Langer 1991) . For close-orbit systems (P orb,i = 0.1 days), we did not find any differences, whereas for very wide systems (P orb,i = 20 days) the stripping of the helium envelope was more efficient when applying α = 1.5, resulting in reduced envelope masses of about 25 per cent. However, in these cases the final metal core masses were only slightly smaller by < 2 per cent, and thus the value of the mixing-length parameter is not very crucial for the results presented in this study.
We computed models with a helium star metallicity of Z = 0.02. Given the possibility for long delay times between formation and merger events, it is possible that a fair fraction of the merging DNS systems that LIGO/VIRGO will detect were formed in an evolutionary phase of the local Universe where the metallicity was lower. A decrease in metallicity results in smaller (and bluer) stars with a weaker stellar wind mass loss. Hence, compared to more metal-rich environments, the outcome is smaller stars in systems which widen less due to stellar winds. These two competing effects can, in general, be mimicked for Case BB RLO by a more metalrich star in a different initial orbit.
The ZAMS progenitor masses of our naked helium stars
The ZAMS mass interval of the original hydrogen-rich progenitor stars, of the naked helium stars studied here, is difficult to determine precisely since it depends on the initial ZAMS binary separation and the modelling of convective core-overshooting, rotation, chemical mixing, metallicity, as well as the physics of the ejection process of the CE. From a density profile analysis of the stellar models evolved by Brott et al. (2011) , we find that a 10 M⊙ ZAMS star (Z = 0.02, non-rotating) produces a helium core of 2.4 − 3.2 M⊙ at the tip of the red giant branch, for a convective core-overshooting parameter in the interval δOV = 0.1 − 0.335. Similarly, a 20 M⊙ ZAMS star produces a helium core in the interval 7.7 − 8.9 M⊙. These helium cores will be exposed via the CE and spiral-in phase as soon as the progenitor star fills its Roche lobe in the HMXB system. The thickness of the remaining outer hydrogen-rich layer at this point is somewhat uncertain. The location of the hydrogen shell source in these progenitor stars is initially located at smaller mass coordinates and thus the final (pure) helium star masses are slightly smaller. Furthermore, these (now) naked helium cores, or Wolf-Rayet stars, will subsequently reduce their masses further by wind mass loss (Wellstein & Langer 1999) .
The initial masses of our binary stars which produce EC SNe are most likely found in the interval 8 − 11 M⊙ (Podsiadlowski et al. 2004; Umeda et al. 2012; Jones et al. 2013 Jones et al. , 2014 Takahashi et al. 2013; Doherty et al. 2015, and references therein) . It has previously been demonstrated that the initial mass range for producing EC SNe is smaller in single stars (Poelarends et al. 2008 ) compared to binary stars in non-degenerate systems (Podsiadlowski et al. 2004 ).
Stripping by a black hole or a WD companion star
Replacing the accreting NS with an accreting black hole (BH) should also lead to ultra-stripped SNe in close binaries. As a consequence of their larger masses, we expect accreting BHs would give rise to slightly smaller mass-transfer rates (more stable Case BB RLO) and also lead to wider pre-SN orbits. However, given the initial mass function, we expect less ultra-stripped SNe to occur in binaries with BHs. This is also reflected in the hitherto missing detection of a radio pulsar-BH binary (the descendent system of such a helium star-BH binary).
Whether or not a massive WD is able to strip a helium star efficiently prior to a SN is more questionable. We know of two WD-NS systems, PSR B2303+46 (P orb = 12 days, Stokes et al. 1985; van Kerkwijk & Kulkarni 1999) and PSR J1141−6545 (P orb = 0.20 days, Kaspi et al. 2000; Antoniadis et al. 2011) where the observed radio pulsar was created after the WD (Tauris & Sennels 2000) . Hence, it is quite likely that these systems evolved through a post-CE Case BB RLO phase where a massive WD was indeed accreting from an evolved helium star prior to its explosion. It is also clear in these two cases that the systems remained dynamically stable and that the WDs were able to survive the presumably highly super-Eddington mass-transfer rate (∼ 10 −4 M⊙ yr −1 , Section 5) from their helium star companion without merging. How the excess material was ejected from the system in these cases is not well understood. However, it is possible that significant stripping of the helium star prior to the SN was at work too in both of these systems.
Effects of a dilute envelope on the pre-SN evolution
As also discussed in detail by Dewi & Pols (2003) and Ivanova et al. (2003) , runaway mass transfer in helium star-NS binaries may lead to the onset of a (second) CE evolution. The final outcome is determined by the competition between the timescale for spiral-in of the NS and the remaining lifetime of the pre-SN donor star before gravitational collapse. In general, the duration of the CE and spiral-in phase is found to be < 10 3 yr (e.g. Podsiadlowski 2001), which is long compared to the estimated final lifetime of our models (in some cases just a few days). In the Appendix we estimate the timescale of NS spiral-in caused by a helium shell flash following ignition of oxygen burning. We find that the spiral-in timescale is often a factor of (at least) 100 longer than the remaining lifetime of the evolved helium star until the SN explosion. Hence, it is safe to ignore the expanding envelope at the late stages of evolution when determining the final outcome of the models.
SUMMARY
We have performed a systematic study of the evolution of close binaries containing a helium star and a NS. These systems are the descendants of HMXBs which undergo CE and spiral-in evolution and expose the core of an OB-star as a naked helium star. The subsequent evolution of these helium stars causes an additional masstransfer towards the NS, often during helium shell burning (i.e. so-called Case BB RLO) when they expand to become giant stars again. In particular, we have investigated the expected nature of the resultant SN explosion (EC SN vs Fe CCSN) as well as the amount of stripping of the helium star donors prior to the explosion in order to predict the observational properties of these events as SN Ic or SN Ib.
We studied helium stars with masses between 2.5 − 10.0 M⊙ with an emphasis on the lighter ones with masses of 2.5 − 3.5 M⊙ which expand more during their evolution. In all cases we assumed an accreting NS with an initial mass of 1.35 M⊙ and varied the initial orbital period between 0.06 − 120 days, leading to either Case BA, Case BB or Case BC RLO. For comparison, we also evolved a sequence of isolated helium stars. The final fates of our helium stars span from CO WDs and ONeMg WDs to NSs produced via EC SNe and Fe CCSNe. In the latter case, we were able to compute the evolution all the way to the onset of silicon burning, a few days prior to the gravitational collapse. The results of our study are presented in a table (Table 1) with several parameters and a chart (Fig. 18) with the mapping of initial parameter space to final outcome. In addition, fitting formulae are derived with easy applications to, for example, future population synthesis studies.
We define ultra-stripped SNe as exploding stars which contain envelope masses 0.2 M⊙ (Fig 10) and having a compact star companion. The compact nature of their companions allows for extreme stripping in a tight binaries which is not possible otherwise. We find several cases of Case BB RLO with P orb,i < 2 days leading to ultra-stripped SNe, i.e. exploding stars which are almost pure naked metal cores with only a tiny amount of helium envelope left, in some cases only ∼ 0.005 M⊙ for EC SNe and ∼ 0.02 M⊙ for Fe CCSNe. In general, we find that the progenitors of EC SNe are stripped slightly further than those of Fe CCSNe, meaning that our EC SNe are expected to be mainly Type Ic SNe, whereas the Fe CCSNe from these systems can be either of Type Ic or Type Ib. The amount of helium remaining in the envelope is found to be correlated with the initial orbital period (Figs. 9 and 16), and thus also the final pre-SN orbital period, of the binary system. In addition, there is a correlation of remaining total envelope mass with the final core mass of the exploding star (Fig. 10) .
From our modelling we expect ultra-stripped SNe to produce NSs (the second formed NS in DNS systems) within a relatively wide range of masses (possibly even in the entire range of 1.10 − 1.80 M⊙, Fig. 14) . Besides forming low-mass NSs of 1.10 − 1.40 M⊙ from almost naked metal cores barely above the Chandrasekhar mass, we find cases where we expect ultra-stripped SNe to produce more massive NSs in tight orbits, originating from metal cores of evolved helium stars with initial masses of 4−6 M⊙.
On the basis of our modelling, we conclude that EC SNe only occur for a narrow interval of initial helium star masses of MHe,i = 2.60 − 2.95 M⊙ depending on P orb,i (Fig. 2) . The general outcome of our investigated binaries, however, is an Fe CCSN above this mass interval and an ONeMg WD or a CO WD for smaller masses. We discuss one peculiar model where a 2.60 M⊙ helium star donor completely shuts off core nuclear burning as a consequence of extreme mass transfer (Figs. 5-8) and we followed its subsequent evolution as a CO WD to the UCXB-phase where it filled its Roche lobe with an orbital period of about 30 seconds.
The maximum mass-transfer rate during stable RLO from all the binary helium stars is close to ∼ 10 −4 M⊙ yr −1 within a factor of a few (cf. Figs. 11-13 ). The duration of the mass-transfer phase is anti-correlated with the initial P orb , which results in the prediction of a correlation between P orb and Pspin for the mildly recycled pulsars in DNS systems. The reason is that in closer orbits the duration of the mass-transfer phase is longer (Figs. 13 and 16 ), which results in more mass being accreted by the NS, leading to more efficient recycling and thus a smaller value of Pspin (and assuming this relation to survive the dynamical effects of the SN explosion).
The main channel for producing DNS systems which will merge within a Hubble time is via ultra-stripped SNe. It will therefore be useful to compare upcoming DNS merger rates from LIGO/VIRGO with future observational limits on the detection rate of ultra-stripped SNe. The result of this comparison may help to answer whether, and to which extent, ultra-stripped SNe also occur in binaries with a WD or a black hole companion star. However, this step requires a clear method to distinguish the light curves of ultra-stripped SNe from other fast decaying and relatively weak light curves, e.g. resulting from partial explosions ('.Ia' SNe, Bildsten et al. 2007) or the accretion-induced collapse (AIC) of a WD (Dessart et al. 2006 ) -see also Section 4.2 for discussions and references to spectroscopic signatures of diverse SNe.
Ultra-stripped SNe have small amounts of ejecta mass, often with a low binding energy (Fig. 15) . We therefore speculate that ultra-stripped SNe (both EC SNe and, at least, Fe CCSNe with relatively small iron cores) lead to fast explosions and often produce small kicks.
We also performed a brief investigation of helium star-NS binaries with P orb,i > 10 days (Fig. 16) leading to the formation of wide-orbit DNS systems after the second SN explosion. These DNS systems often have P orb > 20 days and are characterized by inefficient recycling, often leading to spin periods of the marginally recycled pulsar in excess of 100 ms. Furthermore, their eccentricities are expected to be large (0.2-0.5, even for symmetric SNe with no kicks) because such exploding stars eject fairly thick envelopes and their pre-SN orbits are relatively wide, and thus weakly bound. In a future publication (Tauris et al., in prep.) we analyse in more detail the observed distributions of orbital periods, spin periods, eccentricities and systemic velocities of DNS systems and confront them with simulations and expectations from ultra-stripped SNe.
In a few cases, envelope expansion triggered by a helium shell flash following ignition of oxygen burning leads to a CE-like situation with the NS embedded in the outer helium envelope of the donor star. However, we demonstrate that such events will not lead to a runaway mass-transfer (and a dynamical instability) which would cause the NS to merge with the core of its companion star. The reason is that the gas in the expanded envelope is so dilute that the timescale of spiral-in (cf. Appendix) often exceeds the remaining lifetime of the pre-SN star by a factor of (at least) 100. In addition, the binding energy of this expanded envelope is much smaller than the release of orbital energy from a slight spiral-in in these tight orbits. Thus we conclude that it is safe to ignore the expanding envelope at the very late stages of evolution when determining the final outcome of such models. Figure A1 . The mass-density profile of the evolved 2.9 M ⊙ helium star (P orb,i = 0.1 days and M NS = 1.35 M ⊙ ) investigated in Tauris et al. (2013) , see also Table 1 for further information on this system. The total mass of the expanding outer envelope is 2.58 × 10 −3 M ⊙ and its average mass density is 2.6 × 10 −4 g cm −3 . The location of the NS is shown.
In Fig. A2 , we have plotted t decay for the system discussed in Paper I. The blue line corresponds to Rcore = 0 (i.e. the spiral-in timescale for complete merger to the centre of the star). The red line (similar to the blue line for the majority of the computation) shows the timescale for spiral-in until reaching the boundary of the metal core, Rcore = 0.024 R⊙. The orange line simply shows a local characteristic orbital decay timescale defined as: τ ≡ E orb /Ė orb . One can see that for the present location of the NS, τ ≈ 3500 yr (3.8 × 10 48 erg/3.2 × 10 37 erg s −1 ). However, τ is underestimating the rate of spiral-in, because the density increases inward, and therefore τ is an overestimate of the more realistic orbital decay time. This is seen in comparison with the blue line which yields t decay = 600 yr for the location of the NS in our final model (a f = 1.02 R⊙ and P orb,f = 0.070 days).
During the helium shell flash it is only the outermost part of the star which expands. In the specific model discussed here it is the outer 2.58×10 −3 M⊙ of material. This outer envelope is expanded by a factor 10 in radius during the flash (reaching 2.41 R⊙) and explains the relatively weak drag on the NS due to the dilute gas.
To conclude, it is safe to assume that t decay ≫ t collapse , where t collapse is the remaining lifetime of the evolved helium star until the SN explosion. Therefore, our calculated models will lead to ultra-stripped stars exploding without the NS companion being part of their core region 3 . This conclusion is further strengthened if one includes the deposition of orbital angular momentum into the envelope which would cause it to corotate and thus reduce the drag force on the NS (Livio & Soker 1988) , leading to larger values of t decay . In addition, one must bear in mind that in the example demonstrated here, we considered a very conservative case with t collapse ≃ 10 yr (which is still small compared to t decay = 600 yr). However, in other models we even have t collapse ∼ a few days, cf. Section 3.1.
Even in case the NS would experience a slight drag from spiral-in, the released orbital binding energy in this tight system is more than sufficient to effectively remove the loosely bound envelope (∆E orb ≫ E bind , by more than two orders of magnitude).
3 In case the NS would have merged with the core of the pre-SN star it would presumably undergo hypercritical accretion, leading to formation of a black hole and possibly a γ-burst like event (Dermer & Atoyan 2006) . Figure A2 . The orbital decay time, t decay as a function radius coordinate. Blue curve: t decay is calculated assuming that the NS spirals in all the way to the centre (r = 0) of the evolved helium star. Red curve: NS in-spiral until the boundary of the metal core (r = 0.024 R ⊙ ). Orange curve: the local characteristic orbital decay timescale, τ ≡ E orb /Ė orb . See text.
